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; Abstract 
Ph. 

I A novel Dirac Hamiltonian formulation of the first order Einstein-Hilbert (EH) action, in which 

"algebraic" constraints are not solved to eliminate fields from the action at the Lagrangian level, 
^ ^. has been shown to lead to an action and a constraint structure apparently distinct from the ADM 

5h i action and the ADM constraint structure in that secondary first class constraints x ^-iid Xi ^ wel l 

'2|. 



X 



as tertiary first class constraints r and Tj arise with an unusual Poisson Bracket (PB) algebra 
^ ■ By canonical transformations of the fundamental fields we show how from the tertiary constraints 

^ : 

Tj" . T and Tj one may derive the Hamiltonian and momentum constraints. Special attention is paid to 

cn 

\ the Hamiltonian formulation of the first order EH action in terms of the variables h = \/—Qg^^, 



IS 



20]. It 



■ /i* = \/—gg^^ and q^^ = —g {g^^g^^ — g^^g^-^) and their conjugate momenta employed in 

. is shown that the variables h and /i* are left undetermined in the formalism. This fact is used for 

a proper gauge fixation of the secondary constraints x ^iid Xi and reduction to the Faddeev action 



19|, 



20]. Considering invariances of the total action, the generator of the gauge transformations 
of the EH Lagrangian action is derived. Using this generator, the explicit form of the gauge 
invariance of the field h is obtained, by which the relation between the gauge functions and the 
descriptors of the diffeomorphism invariance is determined in order for the gauge transformations 
to correspond to diffeomorphism invariance. By linearizing the novel Hamiltonian formulation of 



24l |. the Hamiltonian formulation of the first order action for the free spin two field 4 



2|] is 



derived. 
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I. INTRODUCTION 



After the discovery of the Dirac constraint formahsm 



the Hamiltonian formulation 



of the EH action in second order form using t 
fields was first attempted by Pirani and Schild 



le metric g^^, as the configuration space 



37 



38| and independently by Bergmann, 



Penfield, Schiller and Zatzkis lOl, and was later formulated in a more convenient way by 

ri □ 

Dirac [16|, 117[. Soon after wards, the canonical formulation of the first order^Einstein- 



starting 



Palatini action was considered by Arnowitt, Deser and Misner (ADM) 
from a geometrical, rather than an algebraic perspective. In achieving their formulation, 
ADM followed a procedure other than the Dirac constraint formalism, in which constraint 



equations are solved irrespective of their being first or second class [2l| . The result is derived 
using a set of variables possessing clear geometrical interpretation. It turns out that in both 
the Dirac and ADM formulations, the metric of the three-space and their conjugate momenta 
which are related to the extrinsic curvature of the three-space (subject to the Hamiltonian 
and momentum constraints), are sufficient for the description of the dynamics of general 
relativity, which is considered as the time evolution of spacelike surfaces. A characteristic of 
both formulations is that the manifest four dimensional general covariance is broken, which 
is to be expected by the choice of a particular time coordinate necessary for the Hamiltonian 



formulation. In ear 
of invariants 



y attempts, however, care was taken for a canonical formulation in terms 
37( 1 , but this was soon overshadowed by abandoning such assumptions |38| , 
and especially after Dirac's triumphant results 161. Il7|. 

A key element in the ADM Hamiltonian formulation of the EH action in first order form 
is the "reduction" of the EH action by solving a combination of equations of motion which 
are independent of time derivatives (the algebraic constraints), thus eliminating a number of 
dynamical variables from the Lagrangian action. This algebraic manipulation, which brings 
the EH action in a Hamiltonian form [3, [2QI, is done irrespective of whether the equations 
of motion which are solved are first or second class in the sense of the Dirac constraint 
formalism 2l(|. Such a formalism has thus left untouched the question of what kind of a 
Hamiltonian formulation, with what characteristics, and potentially what differences, one 
would have obtained if one had used the Dirac constraint formalism in when casting the EH 



action in the Hamiltonian form. This task was recently undertaken in 



24|. 



Here is a brief sketch of this paper. A summary of the ADM approach, in its original 



2 



formulation 



and the formulation of Faddeev [19|, |20|, as well as an overview 



of the results of the novel Hamiltonian formulation of 



24| are discussed in Section ([TTl)- In 



sections (lllip and (lIVp we explain how one may simplify the form of the constraints and the 



constraint algebra appearing in 
the variables used by Faddeev 



24 1 by transforming the coordinates em ploy ed in 2J] into 



20|, ADM 



and Teitelboim 



46 



47 



19 



t is then 



20| and 



shown how one may reduce these actions into the actions derived by Faddeev 
ADM using the method of Faddeev and Jackiw [2l| . Based on the equations of 

motion for h and h^, when h, W and g'-* are used as coordinates, tentative gauge constraints 



are suggested for reduction of the extended action into the Faddeev action [19|, |20|] in Section 

(lV|) . Gauge invariance of this action is considered in Section (IVip . where the generator f 

the gauge transformations of the total action is derived. Using this generator, the explicit 

form of the gauge transformation of the field h is obtained, and the relation between the 

gauge functions and the descriptors of the diffeomorphism invariance is determined for the 

gauge transformation to be a diffeomorphism. In Section ( IVIip . the linearized form of the 

Hamiltonian formulation of the EH action of ref. 2J1, which is the Hamiltonian action 

n 

corresponding to the first order spin two field Lagrangian action proposed in , is obtained. 
Concluding remarks are left to Section fIVIIip . 



II. SUMMARY OF ADM APPROACH AND PREVIOUS RESULTS 



ADM achieved their Hamiltonian formulation of the EH action by casting it in the form 



-qR ^ CiN,N,,'yij) 



- 2 



where 7 = det(7. 



(1) 



7r^%,, )+ AT, (2 77*^1^. 



vr ■ 



and 



(2) 
(3) 



3 



and Ni are treated as configuration fields instead of qqq and goi, spanning the configuration 
space together with the metric of the 3-space •jij. In eq. ([1]), 7?. is the curvature scalar of the 
3-space 7jj, and the vertical dash | denotes covariant derivative with respect to the 3-space 
' jij _ defined as usual. In particular, if S, T*-' and T* are tensor densities of rank W we have 



12 



49] 



5„ = S,,-WTlS, (4) 

T% = r% + T'^- + Ti, - w t\, , (5) 

T) I, = Tl, + - r;, T\-W T\, T) . (6) 

The action of eq. ([1]) is obtained from the first order EH action by solving linear combi- 
nations of the equations of motion derived from this action, which are independent of the 
time derivative of fields (the constraint equations), for the components F*^, T^f^ and T^f^ of 
the affine connections in terms of the lapse and shift functions N and N^, the metric fields 
of the 3-space and the components F?- of the affine connections, and by dropping some 
surface integrals. This is done without classifying the constraints. The notation ^ rather 
than = is used in eq. ([1]) since the equality holds only if these solutions to the equations 
of motion are substituted into R. (The components Fqq of the affine connections disappear 
from the action when the solutions for the constraint equations are inserted and are not 
considered by ADM.) 

The term appearing in the total divergence in eq. ([T]) is a covariant vector density of 
weight W = 1. The total divergence may be dropped (as it is done below) if compact 
spaces are under consideration. From eq. ([1]), we see that vr*-', which is a contravariant 
tensor density of weight W = 1, is the momenta conjugate to 'jij. Therefore, the canonical 
Hamiltonian corresponding to the action of eq. ([T]) is given by 



Hadm 

where 



j dx [NH + NiT-C) , (7) 



^ = 7-^/^(A.,-i(.'0')-7^/^7^, (8) 
K = -2 7r^^^ = -2(4 + F5,vr^'=) , (9) 

are called the "Hamiltonian" and "momentum" constraints respectively. The nomenclature 
becomes clear in the following way. Variation of the action with respect to the fields N and 



A^', which act as Lagrange multipher fields, gives rise to the constraints 



(10) 



These constraints satisfy the algebra 43| 



{nix),niy)} = [Y'n,ix) + Y'nM]^^six-y), (ii) 

{n,{x),n{y)} = n{x)d,6{x-y) 
{ni{x),n,{y)} = [n,{x)d, + n,{y)dj]6{x-y), 

which implies that the time change of the constraints Ti. and Tij is ensured to weakly vanish 
when computed using the ADM Hamiltonian of eq. ([7]). The PBs of the ADM canoni- 
cal coordinates 2hi with the Hamiltonian and momentum constraints Ti. and Tij have neat 



interpretations 



34, 



43|; namely, 



7ij, / dxN^Hk 



+ AT,,, 



(12) 



is nothing but the diffeomorphism invariance of the metric components of the spacelike 
surfaces, and 



7ii 



dxNH 



2Nj 



'1/2 



TX 







(13) 

thus the 



when set to zero, is the dynamical equation for the metric components 'fij 
nomenclature for the "Hamiltonian" and "momentum" constraints Ti and Tii. 

Having reviewed the original Hamiltonian formulation of ADM , l3, HI, we note 

that for the Hamiltonian formulation one may choose to start with the EH action written 

/—g g^^ and the affine connection F^^ as independent 



in terms of the metric density h^^ = 
fields, 

s = s (/^^^ =ldx h^'' (r;,,, - r^^,, + vl^i, - r^^r^) • (i4) 

This choice of variables is made in [l^,[2^. An advantage of such a choice is that it eliminates 
the square root of the determinant of the metric of the 3-space in the final Hamiltonian 
formulation; terms including this factor appear in the Hamiltonian constraint of eq. (IHl). A 
similar set of variables have been employed in the novel Dirac Hamiltonian formulation of 
the first order EH action presented in the following subsection. A total divergence appears in 



equations below which corresponds to the fact that in 
rather than closed spacetimes, have been considered 



19 

44 



20 1 asymptotically flat spacetimes, 
48|. 



The EH action of eq. ([HD, after addition of a surface term, becomes 



(15) 



Thirty of the equations of motion that arise from the action of eq. ( IT5|) are independent of 
time derivatives and can be written as 



ifc-p(T 



LmO 



■^0 ;,00 _ /^OOpm 



0, 
0, 
0. 



(16) 
(17) 
(18) 



These equations are used by Faddeev [19|, l20| to eliminate the variables F'^, F^, and F°q from 
the action of eq. (fT5|) . The reduced action is 



Sr = jdx [U,k e - A°Co - A'^Cfc - n] 



(19) 



where 



Co 

n 



2 Vfc (g''n,o - 2 V/ (g^'n, 

-Co - . 



(20) 
(21) 
(22) 



In the above equations q^^ = h^^h^^—h^^h^^ is a contravariant metric density of weight W = 2, 
Uik = T^ii^/hP^ is a covariant tensor density of weight W = —1, the fields A*^ = 1 + and 
_ ^ofc^^oo g^j^g Lagrange multiplier fields, v is the covariant derivative with respect to the 
metric •jik of the three dimensional space as defined in eqs. (jHEl), 71 is its scalar curvature 
and 7 = det(7jfc). (Note that the quantities g^'llji and g^'llifc appearing in eq. (!20|) are 
scalar and mixed second rank tensor densities of weight W = 1 respectively.) The fields Fqq 
enter linearly in eq. (fT5|) and disappear in the reduced action; they are no longer considered 
when counting degrees of freedom. At this stage the only dynamical fields are g*'^ and their 
conjugate momenta Iljfc. The fields h^^ and h^^ are taken to be non-dynamical in Sr on 
the account of their appearing as Lagrange multiplier fields through A° and Variation 
of the action with respect to these Lagrange multipliers in turn results in the constraints 



6 



Co ~ and Cu ~ 0. The PBs of these constraints are convenient to express in terms of the 



functionals 



20| 



Coif) 



Ck{x)X''{x) dx. 
Co{x)f{x) dx, 



(23) 
(24) 



and are 



{C(Xi),C(X2)} = C([Xi,X2]) 

{C(X),Co(/)} = Co(X/) , 
{C^o(/i),Co(/2)} = C([/i,/2]) , 



(25) 
(26) 
(27) 



where 



[Xl,X2]'^ 

X/ 

[/l,/2]' 



x'dif-fdiX\ 



(28) 
(29) 
(30) 



where f{x) and X(x) are test functions and the PB of the fundamental fields is defined in 
the following way, 

{n,,(x), g'='(y)} = \ [6^ + 5(x - y) . (31) 

C(X) is the generator of the three-dimensional coordinate transformations, and Co(/) corre- 
sponds to the transformation of the first and second quadratic forms of the surface when it is 
deformed 2^. Using the convention of eq. (1311) . the PBs of eqs. ( !25|l - (l27|l can alternatively 
be written in the form 



X{[Ci, Cj]Xl - [X\ j - X2 j) Cj 
/{Co,a}X^ = [fX'^-X'f,) Co, 
/i{Co,Co}/2 = g^M/i/2,.-/2/i,)C,, 



(32) 
(33) 
(34) 



which makes it easier comparing the PBs of the constraints derived in 19|, |20| , with the PBs 
of the tertiary first class constraints derived below. 

The Hamiltonian of the first order EH action in terms of o*-' and liij as canonical variables 
was formulated in p^, |20|, where the authors use the metric-connection formulation of 



the first order EH action as the basis of their analysis. The same Hamiltonian has been 



independently formulated in 



4l| where the starting point is the first order EH action in 



n 



terms of the vierbein and the connection uj'^j^. As in |19l . 1201 ]. equations of motion are 



solved in 



4l[ | in order to eliminate fields from the action, compatible with the method of 



Faddeev and Jackiw 



2l|. 



A novel canonical formulation of the metric-connection formu^ 

], Q, £1, 



ation o 



;he EH action in 



first order form using the Dirac constraint formalism |15l . 118|, 1261, 1281, 1301, 142, 143| has been 
recently performed [2J]. In this approach, only equations of motion which correspond to 
second class constraints are solved to eliminate fundamental fields from the action, and the 
algebraic equations of motion which correspond to first class constraints are used to generate 
constraints of higher order. The final form of the Hamiltonian action principle involves the 
fields h\ H^^ , i and C,^ and their conjugate momenta u, Ui, uJij, Q and Qi. The fields 



h, and are h 



Qg^' and H'^ = ^ - h'^ , where h'^ 



-9 9 



and Q = det^Qf^^). The momenta are given^ as 



r°.. In terms of these fields, the 



Hamiltonian action principle reads as 



S 



dx 



— H' — uQ — U^Qi — VX ~ V\i — WT — w'Ti 



(35) 



where 



r/ — 3 1 

n' = huO^ + h'uUi - — rH'^U^CU. - 2— H'^UJimUJi - T H'^H^^' 

A{d-2) h h 



(36) 



h 



h 



h 



2{d-2) 



where u, u^, v, v\ w and are Lagrange multiplier fields; -B* and -B*-' are quantities that 
depend on the canonical variables h, /i*, H^^ and their conjugate momenta uj, Ui and cj^; 
Vt and Vti are primary first class constraints; % ~ and ~ are secondary first class 



^ For the definition of tlic rest of the fields in terms of the metric g^'^ and tlie affine connection F^^ see 
2J. 



8 



constraints of secondary stage 

X = h^^ + huj-H^'^ujjk, (37) 
Xi = h^i-huji] (38) 

and T ~ and Tj ~ are secondary first class constraints of tertiary stage, 

r = -H% - (H^^uj,), - H^^uj^uj, + H^^H^IH^^uj, (39) 

and 

T, = /i (^i if^H</) + H^'^P<i,i - 2 (^"H.),p ■ (40) 

The constraints x, Xi, r and Tj are first class and satisfy an unusual PB algebra as follows. 
For the PB of x and x? we have 

{Xi,x}=Xi, (41) 

while 

{Xi,Xj}^0^{x,x}- (42) 

Also, 

{X,ri}^0, (43) 
{X,r}=r, (44) 
{Xi,r}^0, (45) 

and 

{X^,r,}=0. (46) 
The PBs of the constraints Tj and r are nonlocaP, as 

f{ri:rj}g = 5(5./)^^ - f{dig)rj , (47) 
/{r, T}g = (^9,/ - /9,^) ^ (/ir,- - //"^"a;^nX,- + 2i/-"u;^,Xn) ■ (48) 



We use the short notation / {X, Y} g = J J dxdy f{x) {X{x), Y{y)'\ g{y). 



f{n,r\g = g— — r 



2{d 



h 

/Xi 



+ 



79 f,m H"^^HklH 



kl (Xi 



2{d-2 

where / and g are test functions. It may also be shown that the Hamiltonian of eq. (136 
can be expressed in terms of the first class constraints il, fij, Xi Xi? ^ 

and Ti, 



n 



h 



h 



d 



2 1 rrkl 



(49) 



2 d — 2 

+ —h^W'ujikXj + 2 — T^X + 



t 



d 



X 



r ■ d-l h 
CXi + B'Ai + B'^AiAj. 



\h\x 



h 



d-l h 



T^lX 



The (secondary) constraints x ^^id Xi? which have no counterpart in the ADM Hamilto- 
nian formulation of the first order EH action, are seen to arise because of the consistency 
condition of vanishing of the primary constraints Q and Qi, which are the momenta conjugate 
to the fields i and ^\ which are in turn related to the connections F^^, 24 1. 

In the following section, we will show how the constraints X: Xiy t' and Xj of eqs. ( 1371) . ( I38l) . 
(1391) and ( HOl) take a specially simple form when the coordinates H^^ are transformed to any 
set of coordinates that depend only on the metric of the space-like surfaces t = cons. Two 
of the best sets of coordinates that can be used to replace the fields H^^ are the coordinates 
q^^ used by Faddeev 19, 20] and the coordinates "fij used by ADM 0, [g], [?, sl- (These fields 



have been discussed in the previous chapter). In contrast to the variables H^^ introduced 
in the previous chapter, the Faddeev variables g*-' = h^^h^^ — h^^h'^^ (where h'^" = yf—Qg^'^) 
depend only on the components of the metric of the spacelike surfaces, since 

?Sfc = 7 5i, (50) 

where 7 = det(7jj) 19|, |20|. As it will be seen in later sections, this has important simplifying 
implications on the form of the algebra of the PB of constraints and their dependence on 
the fundamental fields. 



III. TRANSFORMING TO FADDEEV VARIABLES 



In the ADM Hamiltonian formulation of Faddeev [19|, |20|, the canonical coordinates 
qij _ iiOtj^oj _ fiOOj^ij g^j^^ their conjugate momenta Hjj are the djTiamical variables in the 

10 



"Hamiltonian" and "momentum" constraints Co and Ci of eqs. (l20i) and (12T|) . and thus 
the only dynamical variables in the Hamiltonian formulation, subject to the constraints 
Co ~ and Cj ~ 0. The fields A = 1 + and A* = h^^/h^^ are non-dynamical and act 

as Lagrange multiplier fields. In transition from the variables H^^ employed in the Dirac 
Hamiltonian action principle of the first order EH action of eq. fl35p to the Faddeev variables 

q'^ = hH'\ (51) 
one must be careful that the momenta u, uji and cUj,- must be transformed in such a way 



that 



26 



33| 



uj5h + cUiSh' + uJijdH'^ = USh + Ui5h' + Uij Sq'^ , (52) 

in order for the transformation to be canonical. This ensures preservation of the properties 
of canonical invariants and the canonical equations of motion. Eq. (!52|) in turn results in 
the transformations 

a; = H + ^ g*-' Uij uji = Hj ujij = h Uij (53) 



for the momenta. From eg. 
with their definition in 



19 



531) . one observes that since Uij = F^-, the momenta Hj, agree 



20l |. i.e. Uij = T^ij/h. We note that the momentum corresponding 
to remains unchanged as the transformation of eq. ( 15T|) does not involve W . (This is also 
why the momenta VL and fij and their corresponding canonical coordinates i and ^* do not 
appear in eq. (!52l) ). In terms of the new variables, the secondary first class constraints x 
and Xi of sqs. fl371) and fl38|) remarkably transform into 

X = h\i + hli (54) 
Xi = h^i -hlli (55) 



respectively, while the tertiary first class constraint Tj of eq. (HOj) transforms into 

f, = (g'"^H^„) ^ + g'""H„„, - 2 (g"^"H™) „ . (56) 



^ We will not transform the fields h and /i* to A and A* in the following, and will only consider transformation 
of the fields q^K 



11 



Surprisingly, the tertiary first class constraint r of eq. (l39ll splits into several terms, some 
of which depend on the secondary constraint Xi, 



In eq. fISTj) we have 

f = - g^'^g^' (n.^n,, - n,fcn,0 - + i g^;^ q,i q% + ^ g^^' q,,, q^^^ (58) 

+ ^(^^^^'^fc^^'l^-ng":,". 

According to eq. ( 1571) . we may take the constraint f of eq. ( l58l) to be the tertiary constraint 
arising from the consistency condition that the time change of the constraint x must weakly 
vanish. The constraints fj and f of eqs. ( 156|58|) are indeed the constraints Ci and Co of eqs. 
fl20|21l) in the Faddeev Hamiltonian formulation of the first order EH action. 

It is seen from eqs. ( 15HI56|58!) that, when written in terms of the variables q^^ 
and their conjugate momenta 11, Ilj and Ilj^, the constraints x ^i-nd Xi depend only on 
the variables /i, and their conjugate momenta 11 and Ilj, while the constraints fj and f 
depend exclusively on the canonical variables g*-' and their conjugate momenta Iljj. Thus, 
the variables h and W and their conjugate momenta 11 and Ilj are seen to decouple from the 
variables g*-^ and their conjugate momenta Iljj in formation of the first class constraints. 

Since the PB (as well as the DB, because it is defined in terms of the PB) is invariant 
under canonical transformations, we see that under the transformations of eqs. ( ISTl) and 
(1531), the PBs of eqs. (ill) and ^ imply that 



{Xi,x] = Xi, (59) 
= 0, (60) 
{X,X} = 0. (61) 

There is a remarkable way of obtaining the algebra of the PBs of the new constraints fj and 
f of eqs. (l56l) and (157]) directly from the PBs of eqs. fl47ll48ll49p of the constraints Xj and 
r. We note that the constraint fj of eq. fl56l) can be obtained from the constraint Tj of eq. 
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(HOj) by substituting h = 1.^ Since does not depend on the momentum u conjugate to h, 
the latter is passive in computing the PB of eq. fHTl) . that is, since is independent of u, 
it makes no difference if we were to set h = 1 before or after the PB {Tj,r, } is computed. 
Therefore, we may set h = 1 in both sides of eq. fH7|) and conclude that 

/{^i' ^j}9 = gfj^i - f9,ifj ■ (62) 

since fj depends on q^^ and Iljj in the same way that Xj depends on and Uij once we set 
/i = 1 in Tj. 

In a similar way, we may compute the PBs {t^,^} and {^i,^} from the PBs {t, t} and 
{tj, r} of eqs. fHHl) and fH9|) without explicitly computing these PBs using the fundamental 
PBs among the new canonical variables. The constraint r of eq. (139|) reduces to f of eq. 
flFr|) by substituting /i = 1 and tUj = in eq. fl5^ . Since r has no dependence on either the 
momenta uj conjugate to h or the field /i* conjugate to the momenta Wj, one may set h = 1 
and cuj = either before or after the PB {t, r} of eq. (l48l) is computed, and obtain the 
same quantity. This implies that 

f{r^f]9 = {9f,-f9,)q''fj. (63) 

In much the same way, one may set h = 1 and cjj = in both sides of eq. fH9l) , and conclude 
that 

f{Ti^T]g = {gf,i- fg,i)f . (64) 

The PBs of the first class constraints fj and f of eqs. (l62l) . (163|) and (IMI) are indeed identical 
to the PBs of eqs. fl32l) . flM|) and fl33l) of the ADM Hamiltonian formulation of Faddeev if we 
identify fj and f of eqs. and with the constraints Cj and Cq of eqs. (1201) and 
derived by Faddeev, considering that in eq. (3.13) of the fundamental PBs are defined 

as 

{n,,(x), q'^^iy)} = i [6^6] + 6p'^ 5(x - y) . (65) 

* There must also be an appropriate identification of the corresponding fields and momenta; i.e, by replacing 
H^^ and ujij with q^^ and Iljj in the expression obtained. 
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In fact, an explicit calculation of the expressions of eqs. (12011211) using eqs. (jUlG]) shows that 

Cu = (/n,z),, + flia,k - 2 {fliik),i (66) 
Co = q'^'q^'^ (n,fcn„„ - n^^Yikn) - q% + I q'- q,i q% , (67) 

+ \ q"' qki,i g J + \ q'' qn q^]i qmn q""] , 

which are the constraints fj and f of eqs. (15611581) when d = 4. 

We now express the Hamiltonian of eq. ( H9l) in terms of the new variables h, h^, q^^ and 
their conjugate momenta. Under the transformations of eqs. (15 ip and (1531) . one obtains 

^ I ~ ^ 1 1 ... d-3 1 . 

h i , /i" ,7^ h\ h' ^ 

- i; ,""n„. - ^ n, X + l^i (An * + 2 ,«n« * - x) 

- ^ X- - ex, + B' A. + B« A,A,. , 

after a surface term has been dropped. The Hamiltonian of eq. fl68|) contains the "Hamil- 
tonian" and "momentum" constraints f = Cq and fj = Cj appearing in the Hamiltonian of 
the action of eq. ( fT9l) derived by Faddeev, but in addition it incorporates terms proportional 
to the secondary first class constraints x ^i-nd Xi? as well as the terms proportional to the 
primary first class constraints Q and Qi, which are present in Aj. 

The Hamiltonian action principle for the Hamiltonian of eq. fl68|) . therefore, takes the 
form 

S = jdx Uh + Uih' + Uijq'^ + nt+nii' (69) 
— Tic — uVL — Vti — V X ~ v^Xi — wf — w^fi 

where TCc is given by eq. fl68l) and Xi^ and f are given by eqs. fl54l) . fl55l) . fl56|l and 
(!57|) . In contrast with the Faddeev action of eq. (fT9|) . we see that in the action of eq. (!69ll . 
besides the fields g*-' and H.jj, the fields /i\ t, and their corresponding momenta H, Hj, 
VL and VLi appear to be dynamical. However, these fields are subject to more constraints, 
namely, ~ 0, fij ~ 0, x ~ 0, Xj ~ 0, ^ and f ^ 0, so that the number of degrees of 
freedom turns out to be counted the same as that of the ADM. 
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One may apply the reduction method of Faddeev and Jackiw [2l| to the action of eq. 
fl69|) . in which one considers all the canonical variables and Lagrange multipliers in the action 
at the same footing as fields. Equations of motion for the fields u, u^, v and result in 
Q = 0, Qi = 0, X = ^ and Xi = 0. These equations may be solved for the fields Q, Qi, U 
and Ilj. Upon substituting these solutions into the action of eq. (1^^ all terms coming from 
the Hamiltonian of eq. (!68|) vanish except for the terms proportional to f and fj, and the 
kinetic term becomes 



h 



h 



(70) 



.0 \ / ,1 

The first two terms on the right hand side being total derivatives may be dropped from the 
action of eq. (!69|) . which would now take the form 



S 



dx 



1 ^ /i* ^ 



h h 

which is the Faddeev version of the ADM action of eq. (fT9|) . 



(71) 



In the context of the Dirac constraint formalism, however, the first class constraints Vt, 



X and Xi inay be so^ 
constraints are assumed 



ved only if appropriate gauge fixing conditions for all first class 
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431]. Together with the first class constraints fi, fij, x and Xii 



their gauge constraints may then be turned into strong equations while the PB is replaced 
with the appropriate DB. These equations may then be solved in order to eliminate fields 
from the action of eq. fl69|) . 

The introduction of gauge fixing conditions for the action of eq. (|69)1. h owever, requires 
a knowledge of the gauge transformations of this action beforehand j43j. To obtain the 
generator of the gauge transformations all first class constraints f2, x, Xi) ^ and fj 



are required [13|, ll8|, ISOj. Once a set of admissible gauge constraints are assumed and the 



first class constraints fi, fij, x and Xi are turned into second class, they no longer act as 
generators of gauge transformations. Therefore, gauge fixing of the action of eq. (!69|) will 
result in losing some information about the generator of the gauge transformations of this 
action. The situation is similar to the gauge fixing of the "algebraic" constraint e° ~ 
(e° is the momentum conjugate to Aq, the temporal component of A^) in the Hamiltonian 
formulation of Maxwell gauge fields by using the gauge constraint Aq ^ 0, and subsequent 
loss of the generator of the gauge transformation for Aq. (See 43|| for a discussion of the 
canonical formulation of the Maxwell gauge fields.) 
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IV. TRANSFORMING TO ADM VARIABLES 



In the original formulation of ADM, the EH action to start with is written in terms of 
the covariant components of the metric jij of the spacelike surfaces characterized by a time 
coordinate t = cons., and the components and Ni of the lapse and shift functions defined 
in terms of the metric Qf^^ of the four dimensional embedding space in eq. ([3]). In the action 
of eq. fl69l) . a transformation from the variables g*-' to •jij using eq. fl50|) . 



q'' = 7 7*' 7 = det7,,, (72) 



must be accompanied by appropriate transformations of the momenta Uij conjugate to q 
to the momenta n^^ conjugate to jij, so that 

UijSq'^ = n'^^.j. (73) 

This implies that the momenta should be transformed in the following way, 

^ij = - (lialjb - lijlabj vr"^ . (74) 



Once again, one may directly check that if Uij = T'^j/h, as defined in [19|, l20[ and eq. (!53l) . 
then the momenta vr*-' defined in eq. ( 1711) are the same as the ADM momenta vr*-' given in 
eq. ([2]). Under the canonical transformations of eqs. (172]) and (I71|) . the constraints x and Xi 
of eqs. (15^ and (155|) remain unchanged. The momentum constraint fj of eq. (156|) . however, 
transforms to 



Ti = —TT 



7aM + 2(7.f>vr"^),, (75) 
= —Ti-i , 

where the ADM momentum constraint Ti* is given by eq. Also, from eq. (I58p we find 
that 

f = -(^vr^^ vr,,-^ (7r'0')+7 7^ (76) 

where the ADM Hamiltonian constraint Ti. is given by 

n = (vr-Vr,- - ^ [At) - l'" n . (77) 
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Therefore, in terms of h, and 7jj, the action of eq. (169|) becomes 

S = J dx Uh + Uih' + Ti'^ + nt+nii' (78) 
— H'c — ufl — U^Vti — vx — V^Xi — wf — W^fi 

where TC'^ is the Hamiltonian of eq. fl68l) transformed under eqs. fl72|) and (17^ . 

We have thus achieved a Hamiltonian formulation of the EH action in terms of the variables 
h, h"^, jij and their corresponding momenta H, H, and vr*-'. The ADM Hamiltonian constraint 
appears with a coefficient 7^/^. Such a factor can be combined with the field h in the 
action of eq. fl78l) in order to introduce the lapse and shift functions and A^* and their 
conjugate momenta "as canonical variables" . In terms of the metric g^^, the lapse and shift 
functions A^ and A^* are defined as^ 

Consequently, in terms of the metric of the spacelike surfaces and the variables h = 
05'°° and h'^ = \/—Qg^^ we have 

/^ = -7^/^^, h''=l'^'^- (81) 

As eqs. (1811) depend on the metric 7jj, we must require that the momenta H, Hj and vr*-' 
conjugate to h, and 7ij transform to the canonical momenta p, pi and p"^^ conjugate to A^ 
and A^* and 7,^ in such a way that 

U6h + Ui 6h' + tt'^ = p6N + pi 6N' + p'^^ij . (82) 



^ We note that it makes difference whether we use or its "covariant" component Ni = jij as the 
canonical variable. 



17 



This implies that 



U = ^N{Np + N'p,) , (83) 
I^^ = -^Np,, (84) 
Ti'^ = p'' + ^ Y^Np . (85) 



The momenta p^^ defined in eq. ( I85l) are not the same as the ADM momenta vr*-' defined in 
eq. ([2]). Under the canonical transformations of eqs. (IHT!) and fl83H85l) . the constraints Xi 
and X transform to 

X. = -(^) +P., (86) 

and for the constraints fj and f one finds that 

jf, = N'H, = N' U, + i NpY^'lA, - (A'P),, j . (88) 

where 

^^ = -(-p"SaM + 2(7^6P'^'),,), (90) 
i3 = 7"^/^ - ^ (M) ') - 7^/^ n. (91) 

The canonical transformations of the variables h and to the variables and A^* result 
in the dependence of the constraints Xi and x on the metric •jij of the spacelike surfaces, 
and in the constraints fj and f receiving contributions from the fields A^ and A^* and their 
conjugate momenta p and pi . 

Once again, we may apply the method of Faddeev and Jackiw to the action of eq. 
(!78|) after the fields h and are canonically transformed to A^ and A^* according to eqs. 
f l8T|83ll84|[85|) . The equations of motion of the fields u, m*, v and result in = 0, fij = 0, 



X = and Xj = 0, where Xi X ^^e given by eqs. (1861187^ . We may then solve these 
constraints for Q, Qi, p and pi and insert their solutions in the action, and in particular in 
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eqs. ( !88|89!l . The kinetic part of the action then transforms to 



7 



1/2 



7 



1/2 ~ 



(92) 



N 



The first two terms on the right hand side may be dropped from the action since they are 
total derivatives. The appropriate Darboux transformation 2l|] associated with the reduced 
kinetic term is 



p'^ 



^ 2N ' 



(93) 



(94) 



by which the kinetic term takes the standard form 

The momenta p^^ defined in eq. (1931) are the same as the ADM momenta defined in eqs. 
(!2|74|) . Upon transforming the action under the transformations of eq. (p3|) . it is seen that 
Tii and 7i of eqs. fl88|89p transform into the ADM momentum and Hamiltonian constraints 
Tii and 7i of eqs. (J75ll and ( |77j) . The reduced action is therefore 

(95) 



S 



dx 



7*j 



■NH-N' Hi-wf-w'fi 



which is the ADM action upon a redefinition of the Lagrange multiphers w and Wi. 

Instead of introducing the lapse and shift functions A^ and A^* in the action of eq. (ITHIl . 
one may choose the most natural choice of coordinates that avoid mixing of the canonical 
fields in formation of the constraints, i.e. the "densitized" lapse function 



-1/2 



(96) 



and the shift functions a*, which are defined as in the ADM approach. From eq. (IHTi) one 
then has, 



h = — 



1 



and consequently 



n = a (a TT + aVj) 



a' 
a 



(97) 



(98) 



We note that a — ~1 and a' = A% where A° and A' are the Lagrange multiphers appearing in eq. p^. 
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where tt and tTj are the momenta conjugate to a and ctj. We see that, in contrast with eqs. 
f l83|) - fl85|) . the fields and their conjugate momenta do not enter the transformations of 
eqs. ( lUSjl . The constraints x and Xi of eqs. and (jSSD then transform into 



X = " I ^ - 



TT,; 



(99) 
(100) 



which depend only on a subset of the canonical variables; a, a* and their conjugate momenta 
TT and T^i? The constraints f and fj are seen to depend only on the rest of the canonical 
coordinates, i.e. and their conjugate momenta vr*-', and they remain intact under the 
transformations of eqs. (p7|) and (!98|) . We thus introduce the quantities 

r^^'^..-^ W)') -77^, (101) 
Vfe, - 2 (7.6vr'^') ^ , (102) 



H = -f 
Hi = 



Tj = TT 



and for the action of eq. ( I78|) we obtain 



5 



- 7^^' - M 1^ - u% -vx- v'x^ -wH- w'Ui 



(103) 



where 



1 3 
K' = aU + a'Ti,-- (^27) 7'^' X3 - ^^^_2) ^'^^ ~ jX* 

1 ,• ^ ^ I, 1 ,-1,. 1 . 

H a a^ajXi -2aa 'jjkTi ^Xi + 3 — 7 Tifc^r^ + 3 — 7 X 

a a— 1 a— 1 a 

+ a^a'TTXi + aa'^a^TTiXj + - ^ ^ ^ a^jk'n^^x + ^ — ^ ("^^i" + "'0 X • 



(104) 



By applying the reduction method of Faddeev and Jackiw 
one obtains 



2l| to the action of eq. ffTU5D . 



S 



dx 



(105) 



We note that at this stage the constraints x ~ and Xi ~ of eqs. ([99|l and (|100|) might be replaced 
with the constraints 0^ « and <^ « through Xi — ~ 't'i ^-nd x — a (f) + a^4>i, where 0i = — ^ — tt^ and 
(j) — ^ — n, however, since such an identification does not show to be particularly illuminating, we won't 
pursue it at this stage. 
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upon dropping surface terms. This variant of the ADM action has been used by Teitelboim 
ffl. 4?! and Ashtekar 9] in quantum gravity, and by York et.al. in numerical relativity 
141 ] ■ Since the constraints TYj and are derived from the constraints fj and f of eqs. 
dsn]) and flFr|) under the canonical transformations of eqs. fl72]) and (I74p as in eqs. (11 01 1) and 
(11021) . the algebra of the PB of these constraints is 

f{n.,n,}g = gf,,n, - fg,n, , (loe) 

f{n,n}g = {gf,-fg,)iY'n,, (107) 
f{n„n}g = {gf,-fg,)n, (108) 

according to eqs. fl62|) . fl63|) and flMl) . consistent with the constraint algebra given in 
(Here / and g are test functions.) 

V. TENTATIVE GAUGE CONSTRAINTS 

Together with a set of "admissible" gauge constraints, one may put the first class con- 
straints of the extended action (which are now second class) strongly equal to zero and solve 
them in order to eliminate the redundant degrees of freedom from the action and introduce 
the DB. Meanwhile, all the gauge freedom of the Lagrangian action is fixed. 

We now consider gauge fixing conditions for the action of eq. fl69l) . A study of the 
equations of motion of the extended action of eq. (1691) is illuminating in the nature and role 
of the canonical variables employed in this action. If we are only interested in the equations 
of motion derived from this action we may then rewrite it as 

S = j dx Vti+Vtii' + lih + Iiih} + (109) 

— uVt — vJ" Vti — V X — v^Xi — wf — w'^fi 

where we have shifted the Lagrange multipliers by adding to them the coefficients of the 
constraints appearing in the Hamiltonian Ti^ of eq. fIBSl) . The equations of motion for u, -u*, 
i and are trivially satisfied while the equations of motion for Q and Qi show that i and 
are undetermined, 

t ^ u, (110) 
t ~ ■ 
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Therefore, tentative gauge constraints for the primary first class constraints 

n ^ 0, (111) 
^ 0, 

could be of the form 

i-Ct{x) ^ 0, (112) 
e-Q.(x) ^ 0, 

respectively, where Cf and C^i are arbitrary functions. The constraints of eqs. (Ill 1111 12p 
form a minimal set of second class constraints and may thus be turned into strong equations. 
The DB of the rest of the canonical variables remains their PB. We now prove that much 
like i and C,^, the fields h and are left undetermined by the equations of motion. By 
extremizing the action of eq. (I109p . the equations of motion corresponding to 11, 11^, h, h\ 
V and are 

^ = h-vh = 0, (113) 
^ = hi+yih = 0, (114) 

s s 

= -tl-yU + Vmi + v\ = 0, (115) 

on 

s s 

— = -U, + v, = 0, (116) 

^ = h'i + hU = 0, (117) 
dv 

s s 

— = hi-hlli = 0. (118) 

In obtaining eqs. (1113111161) we have used the constraint equations (I117|118p . Since the 
Lagrange multipliers v and v"^ are arbitrary, the fields h and /i* can take the values of any 
arbitrary functions Ch{x) and Chi{x), as justified below. Suppose the latter is true, that is, 
h = Ch{x) and h' = Ch^{x). Eqs. (fTT3|) . ffTTij) . ffTTTI) and (fTTSD may be solved for v, v\ 
n and Ilj in order to express them in terms of Chix) and Chi{x). Upon substituting these 
solutions into eqs. (IllSp and (11160 they result in trivial identities. 

The foregoing observation suggests that tentative gauge constraints corresponding to the 
secondary first class constraints 

x = /i^ + ^n^o, (119) 
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and compatible with the equations of motion could be of the form 



h - C^ix) 



0, 



(120) 



h'-C,,.{x) ^ 0, 

where Ch and Ch^ are arbitrary functions. Once again, the constraints of eqs. f lll9|120p 
form a minimal set of second class constraints which may be turned into strong equations. 
Once the solutions of these equations are inserted into the action of eq. (|69|1 it is reduced to 



S 



dx 



1211 



upon dropping an irrelevant surface term. (The redefined Lagrange multipliers w and 
are arbitrary and can depend on q^^ and Hij). Since the constraints of eqs. flll9|120p do not 
involve q^^ and Uij, the PB of these variables remains unchanged upon solving the constraints 
of eqs. flll9|120p and introducing the DB. We note that the functions Ct, C^i, Ch and C^i 
can depend on g*-' and Uij without violating any of the arguments and conclusions made 
above, since under such an assumption the constraints of eqs. f lll9|120p are proven to be of 
special form as follows. If 

{9,} = {h- Ch{-fij, TT*^), h'' - Ch^i-fij, 7i'^), X, Xk} , 



we have 



{9,9} 



-1 



( 

















{Ch^Ch\ {Chi^ChS 



\ 



(122) 



\ ^ d^^]^f^ {Ch,Ch3} {Chk,Chi}/ 



which implies that the DB of g*-' and Uij remains equal to their PB upon turning the first 
class constraints x ^iid Xi their corresponding gauge constraints into strong equations, 
thanks to the constraints x ^^id Xi iiot depending on q^^ and Uij. The action of eq. (11210 . 
therefore, is identical with the Faddeev action of eq. (IT^ upon appropriate gauge fixation. 

The gauge constraints of eqs. (11120 and (I12UI) are not in general admissible for arbitrary 
functions Ct, C^i, Ch and C^^, since they can not be achieved from an arbitrary configuration 
of the fields i, h and h^ by a diffeomorphism invariance transformation. In principle, 
one needs to consider the gauge constraints corresponding to the tertiary constraints f 
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and fi along with the gauge constraints of eqs. flll2p and (11201) . and choose appropriate 
functions Cf, C^,, Ch and C/ji in such a way that the gauge constraints altogether are achieved 
by diffeomorphism invariance transformations, while in this process the gauge functions 
are completely fixed upon assuming appropriate behavior of the gauge functions on the 
boundaries. 

More insight about eqs. (1113111181) and the role of the fields h, h^, U and Hi in the action 
of eq. fl69l) can be gained in the following way. We may add a surface term of the form 

to the kinetic part of the action of eq. (169|) and write it as 

n /i + Hi + Hy-g^^' + 5 = tih + %W (124) 

where 

n = ;^X, (125) 
% = - \x^. (126) 
with X ^-iid Xi given by eqs. (I54|55p . In particular 

{n,n} = {n,n,} = {n,,n,} = o (127) 

according to eqs. (I59ti6ip . We may therefore observe that 11 and llj are the momenta 
conjugate to h and K ^ and write the action of eq. fl69|l as 



S = j dx Uh + Uih' + Uijq'^ + nt + Qii (128) 
— Tic — uQ — u^Qi~vYl — v^Ili ~ wf — w^fi 
where now 

- + - /i;^.n, - 2 — q'%mfi, + jh,n+{n--h[A h% 

+ ^ g-"n„„ n, - ^ (^^ h[i + n^^ n + ^ {hu + 2 q'm,^ - 2 h[,) n 

- hn+ Cihtli) + B' K + , 

24 



Written in this from, it is explicitly seen that the fields h and /i* act as Lagrange multiplier 
fields, much in the same way as the fields i and ^* are Lagrange multipliers. Such a simplifi- 
cation of the action is reminiscent of Dirac's simplification of the Hamiltonian formulation of 
;he second order EH action by addition of the following surface terms to the EH Lagrangian 

3 



( / — ^r^oo\ 



00 



gOO 



resulting in the primary constraints taking the simple form 



(130) 



0; 



;i3i) 



in contrast with the second order Hamiltonian formulation of Pirani and Schild [38|] in which 
the EH action is considered without these surface terms, and the primary constraints are 
of the more complicated form p'^^ = p'^^{q-,p)-, with q and p being other canonical variables. 
(The two approaches have been compared and contrasted in [23j].) The surface terms of eq. 
(11301) indeed reduce to the surface terms of eq. (11231) . 

Since the gauge constraints of eqs. (11121) and (I120p are canonical, one may use them in 
order to fix the gauge freedom of the actions of eqs. flTSjl and (I103P if they are transformed 
under the associated canonical transformations. In the case of the action of eq. (!69|) when 
written in terms of A^, A^*, 7jj and their conjugate momenta p, Pi and p^^ defined in eqs. 
( I83ll85i) . a reduction to the ADM action is not quite immediate. In particular, since the 
constraints x and Xi of sqs. (I86II87I) depend on 7jj, we expect the PB of and vr*-' to be 
altered upon solving the constraints x ^i-nd Xi ^i-iid introducing the DB if the gauge constraints 
Ch and Chi depend on and p^K For the specific class of admissible gauge constraints in 
which A^ and A^* are constant (A^ = 1 and A^* = for instance) a reduction to a "gauge- 
fixed" ADM action is seen to easily be realized. A more straightforward reduction to the 
ADM action might be possible if we assume that the gauge constraints also depend on the 
momenta p and Pi. 



VI. GAUGE TRANSFORMATIONS 



When written in terms of g*-^ or 7^ j , the problem of determining the gauge transformations 
of the first order EH Lagrangian action from the first class constraints generated in the 
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Hamiltonian formulation transforms into a more manageable task than when one works 
with the formalism in which H^^ is used. This simplification occurs mainly because in terms 
of the former variables constraints of different stage depend on different sets of the canonical 
variables, as explained in previous sections. In this section we consider the action of eq. (IS^j) 
(which is a functional of h, h\ q^^ and their conjugate momenta) and derive the explicit form 
of the generator of the gauge transformations of the fields h, h^, 11, Ilj and Iljj. The gauge 
transformations of t and S,^ which act as Lagrange multipliers are given by separate equations 
which are necessary for the action to remain invariant under the gauge transformations. This 
is done using a method very similar to the method of HTZ [3o|] . In this approach one directly 
considers gauge transformations of the total action instead of the gauge transformations that 



leave the extended action invariant 43|]. Using the generator thus obtained, we explicitly 
evaluate the gauge transformation of the field h = y/—Q g^^ assuming the gauge functions 
corresponding to the tertiary constraints to be independent of the canonical variables, and 
show that a field dependent redefinition of the gauge functions is necessary in order for this 
transformation to correspond to the usual diffeomorphism invariance, which is given by 13] 



(132) 



for the fields h'^'^ = a/— g^'^, where rj^^ are arbitrary descriptors 11 1. 

It has been shown that for most relevant field theories one may drop fields (and their cor- 
responding momenta) that act as Lagrange multipliers from the total Hamiltonian without 
loss of the gauge transformations if after the emilination the Lagrange multipliers are identi- 



fied with the eliminated coordinates 
to the extended action of eq. fl69l) as 



35| . We therefore rewrite the total action corresponding 



^7 



dx 



Uh + Uih' + Uij q'^ - Ht 



where 



h h 



t 



t 



1 /i' d-2 1 



2{d-2) 



4(d - 2) /i2 



(133) 

(134) 
(135) 
(136) 



U3 Um vi vi 

+ -r^/i^-2--g*^n;^ + --n+-g"^'^n^„. 
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(Note that we have dropped the tilde from the constraints of eqs. fl54f55ll56|l58|) .) The 
usefulness of the redefinitions of eqs. fll35|136p lies in that the terms other than i and 
which are included in t and ^* do not contribute to the gauge transformations of the fields 
h, h^, g*-' and their conjugate momenta 11, Ilj and Uij but to the gauge transformations of t 
and which now explicitly appear as the Lagrange multiplier fields. We emphasize that the 
actual dependence of t and ^* of eqs. fll35fl36p on the canonical variables is quite important 
for obtaining the gauge transformations of i and ^\ 



In contrast wit 
considered in 
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1 the first and second order formulations of the free spin two field actions 
251], in which the structure functions were constant, we need to consider a 
more general formalism when dealing with the gauge transformations of the full EH action, 
where we need to consider the structure functions to be field dependent. The most general 



form of the generator G of the gauge transformations of the total action of eq. (11331) is 



G = J dx{fix + l^'Xi + At 1" + /iVj) , 



(137) 



where the gauge functions fj, and /x* corresponding to the tertiary constraints r and 
are arbitrary functions depending on spacetime as well as the canonical variables, and the 
functions /i and /i* are arbitrary functions of spacetime and the canonical variables which 
satisfy a set of differential equations that arise by requiring the invariance of the total action.^ 
Using eq. (11371) we may show that 



5Ht = -{5x+ + 5r + 



;i38) 



where 



6x = dx'dx 



X 



t,T } 12+ U^Ti} H 



(139) 



nT,f^> X 



S^Xi = / dx'dx 



x^{ <e,x> fi + <e,xA p^' + <e,r} <e,rA fi- 



- <nT,fi'}x 



(140) 



We consider the special case where the gauge functions do not depend on the Lagrange multipUer fields. 
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5t 



dx 



(141) 



dx 



(142) 



Since 



S j dx {lih + Tlik + Tlij q^^^ = j dx [ntX + lAXi + l^tT + fx] n) 



(143) 



where the partial derivative with respect to time is denoted by a t index, we then have 



dx 



Ht + 6. 



6t 



d-1 



(144) 



where we have symbolically written Sx = S . x , etc. to indicate that the integral signs have 
been dropped after all PBs have been evaluated and the derivatives over the constraints X: 
Xi, T and Tj have been removed by addition of appropriate surface terms. If we require the 
total action of eq. (11331) to be invariant under the gauge transformations of eq. fll37p we 
have 6St = 0, which is satisfied only if the coefficients of the constraints Xi? ^^id Xj are 
set equal to zero. By a choice of the gauge functions fi and /i* corresponding to the tertiary 
constraints r and r^, we may determine the gauge functions /2 and /2* corresponding to the 
secondary constraints x and Xi by setting the coefficients of r and Tj in eq. (I144p equal 
to zero. In particular, we note that according to eqs. (I141|142p these are simple algebraic 
equations for the gauge functions fl and /i*. Vanishing of the coefficients of the constraints 
X and Xi in eq. (1144p . on the other hand, provides with the gauge transformations of the 
Lagrange multipliers i and 

Let us choose the gauge functions /i and /i* to depend only on spacetime and not on the 
canonical variables, 



/X = /i(x) 



f/ = f/{x) . 



(145) 
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This choice is not necessary in principle, and one may choose any arbitrary functions that 
depend on the canonical variables as well. Setting the coefficients of the constraints r and 
Tj in eq. (11441) equal to zero and solving for and /i* using /i and /i* of eq. (I145p gives, 

^ = + (146) 



where in obtaining eq. (11471) we have used eq. (I146p . The generator of gauge transformations 
G is therefore given by eq. (11371) . with fi, fi\ Ji and /i* given by eqs. (1145111471) . Using this 
generator we may find the gauge transformations of /i, /i*, 11, Hj and Iljj. The gauge 
transformation for h is thus 

5h = {h,G} (148) 
= —h^fi — h fi\ — h^i /i* — h^h^i fi + h h\ fi — h h^fi^i . 

This is identical with the diffeomorphism invariance transformation of h given by eq. (I132p 
if we substitute 

r/° = -hfx, (149) 
= h'n, (150) 

for the descriptor rj^ in eq. (I132p . 

The gauge transformations of the fields /i*, g'-', 11, Ilj and Iljj can be determined using 
the gauge generator G of eq. (11370 . One may thus easily observe that by the dependence 
of the constraints x ^"^^ Xi the derivatives of h and the gauge transformations for 
n and Ilj involve first order derivatives of fi and /i* and thus second order derivatives of 
yU and yU*. Also, since r depends on second order derivatives of the fields g*-', we see how 
second order derivatives of the gauge functions /x and /i* enter the gauge transformations 
of H-ij. The gauge transformations for the Lagrange multiplier fields i and S,^ on the other 
hand are obtained by requiring that the coefficients of the constraints x ^"^^ Xi ^q. (I144p 
vanish, which according to eqs. (I144fl46fl47p involve second order derivatives of the gauge 
functions /i and /i*. The existence of second order derivatives of the gauge functions /x and 
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yU* is expected for the gauge invariance of the fields 11, 11, Ili, Uij, i and produced by the 
gauge generator G of eq. fll37p to coincide with their diffeomorphism invariance, which is 
found by the diffeomorphism invariance of the Christoffel symbols Q]. 

We have verified that if we had used the action of eq. instead of the action of eq. 
01331) for evaluation of the gauge trasnformations, we would have obtained gauge symmetries 
which differed from the gauge symmetries obtained above by trivial equations of motion 
symmetries. Such symmetries have been discussed in j3o|. 



VII. LINEARIZED THEORY 



The Linearized theory of the novel Hamiltonian formulation of the extended EH action 
of eq. fl35l) can be obtained by linearizing the fields h, and iJ'-' around the metric of the 
flat spacetime, 

/i^- = + h^"" , (151) 

where the signature of the metric of the flat spacetime is ■i]'^'^ = (— , +,+,...,+), and we 
have ignored terms of higher order in h'^'^ . This implies that, in particular, 

h = -l + h, h' = h\ H'^ = -5'^ -li^ , Hij = -6ij + hij (152) 

if we keep terms linear in the perturbation fields only. Under the expansion of eq. (11521) . 
the fundamental PBs 

{h,u} = 1 , {h\u;,} = 5] , {H^^.u^h] = \ {5151 + 5i5]) , (153) 

transform into 

[Kuj] = 1, {h\uj,]=S^^, = l (5^,5/ + 5^5;), (154) 

showing that the fields cj, Ui and —ujij act as the momenta conjugate to the perturbation 
fields /i, W and Keeping only terms in the EH Hamiltonian action of eq. (135|) which are 
bilinear in the fields and Lagrange multipliers, and by defining 

uJij = -uoij (155) 
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we obtain 



S 



dx 



i I I i I 



where 



and 



d — 2 r, d — 3 



d-1 4(rf-2) 



+ I LOij Uij - ^— Y 



Uii UJjj 



(156) 



(157) 



2 ~ ~~- 1 ~ ~ \ 



1 7. 



2{d-2) 



4(c/-2) 



3 ,J 



X 



X- 



T 



I, fC — 

h f^ — uj — Ukk , 

2 U)kk,i — 2 UJki,k ■ 



(158) 
(159) 
(160) 
(161) 



The action of eq. fll56p . with the Hamiltonian of eq. fll57p and the first class constraints 
of eqs. fll58p - fll61l) . indeed coincide with the extended action principle for the free spin 
two field theory on a flat spacetime in first order form as developed in 2J|. The tertiary 
constraints r' and t- in fact contribute to the generator of the linearized diffeomorphism 



transformation of the "linerized" affine connections F^^ as found in 



24|. 



VIII. SUMMARY AND CONCLUSION 



A major distinction between the Dirac Hamiltonian formulation of the first order EH 
action as performed in 2j] and the ADM Hamiltonian formulation of the same action 



;tion asperiorm 



20| is that in the latter all "algebraic" constraints are solved in order 



to eliminate a number of fundamental fields from the action at the Lagrangian level, while 
in the analysis of 2^ only those algebraic constraints which are second class (in the sense 
of the Dirac constraint formalism) are used to eliminate fundamental fields; first class "al- 
gebraic constraints" are treated according to the Dirac constraint formalism. This results 
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in the appearance of tertiary first class constraints, and an unusual PB algebra of first class 
constraints apparently different from the ADM algebra of the Hamiltonian and momentum 
constraints Ti and TYj. Therefore, it is very important to compare the results of this novel 
Hamiltonian formulation with the usual ADM formulation of the first order EH action. 
Such a comparison remains obscure however, especially because of the different choices of 
the canonical variables made in these formulations. 

The connection between this Hamiltonian formulation and the Faddeev and ADM formu- 



lations was considered in this chapter, first using the method of Faddeev and Jackiw [3|, l2l| , 



and then by proposing tentative gauge constraints for the reduction of the formalism in the 



context of the Dirac constraints method 
in 
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43| . At first, the variables {h, h^, W^) employed 



24| were canonically transformed to {h,h\q^^), {h,h\'yij), {N,N\'yij) and {a,a\'yij) 



Upon the first set of transformations, the tertiary constraint r of eq. fl39|) splits into several 
terms as in eq. (157|) . some of which depend on the secondary constraints. Therefore, the 
new choice of the tertiary constraint f of eq. ( l58l) is made possible and a great simplification 
of the algebra of constraints occurs, as in eqs. fl59ti64p . The secondary constraints commute 
with the tertiary constraints as a result, and the tertiary constraints coincide with the Hamil- 
tonian and momentum constraints Cq and Cj of eqs. fl66|67p of the Faddeev formulation 
[2^. The successive canonical transformations mentioned above were performed consid- 
ering the new tertiary constraint f rather than r as the tertiary constraint arising from the 
secondary constraint x- A choice of {h,h\q^^), {h,h\'yij) or (a, a*, 7ij) was demonstrated 
to be preferred to a choice of {h,h'^,H'^^) or {N,N^,'yij) as coordinates of the Hamiltonian 
formulation, since the constraints take a especially simple form when expressed in terms of 
the former sets of variables; the secondary first class constraints depend only on the vari- 
ables which are absent in the tertiary constraints, and vice versa. This not only simplifies 
the task of determining the gauge transformations produced by the first class constraints, 
but also reveals the unimportant role of the subset of canonical variables {h, W) or (a, a*) in 
the formalism. More importantly, gauge fixing of the extended Hamiltonian action becomes 
more transparent when the former sets of variables are used. 

Considering the equations of motion arising from the Hamiltonian EH action when written 
in terms of (/i, /i*, g*-'), we observe that there are no dynamical restrictions on the fields h and 
K^, and thus they may be considered as Lagrange multiplier fields when multiplied into the 
tertiary constraints r and Tj. This was illustrated in an alternative way by adding surface 
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terms to the action and transforming the secondary constraints x Xi i^ito the momenta 
conjugate to h and h\ The necessary surface terms are equal to the surface terms added 
to the second order EH action by Dirac 16| in order to facihtate the task of a Hamiltonian 
formulation of this action. 

When {h,h\ q^^) are used as coordinates, the gauge transformation of the field h generated 
by the first class constraints coincides with the diffeomorphism invariance transformation of 
this field if the descriptor of the diffeomorphism invariance has the particular dependence 
on the canonical variables and the gauge functions of eqs. (1149111501) . Though our results 
correspond only to the case where the gauge functions associated with the tertiary constraints 
do not depend on the canonical variables, we expect that this feature is valid under more 
general assumptions. The relationship between the gauge generator and the descriptor of 



the diffeomorphism invariance has been considered in [11|, |39|, |40| . Although we have only 
determined the explicit form of the diffeomorphism invariance of h in this chapter, it is 
possible to find the gauge transformations of all other fields from the formalism developed 
in the foregoing sections, thus the gauge transformations of the Christoffel symbols, as briefly 
pointed out. In the ADM approach, however, one needs to make use of the equations of 
motion for the Christoffel symbols in order to determine their gauge invariance. 

It is interesting to investigate if the Dirac quantization of the above Hamiltonian formu- 
lations, in which first class constraints act as operators, would produce results other than 
quantization of the ADM action in which "recduction" is done before quantization. The 
importance of this issue has been discussed in js, 32 1. 
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